Abstract. In this expository paper we review on the existence problem of Einstein-Maxwell Kähler metrics, and make several remarks. Firstly, we consider a slightly more general set-up than Einstein-Maxwell Kähler metrics, and give extensions of volume minimization principle, the notion of toric K-stability and other related results to the general set-up. Secondly, we consider the toric case when the manifold is the one point blow-up of the complex project plane and the Kähler class Ω is chosen so that the area of the exceptional curve is sufficiently close to the area of the rational curve of self-intersection number 1. We observe by numerical analysis that there should be a Killing vector field K which gives a toric K-stable pair (Ω, K) in the sense of Apostolov-Maschler.
Introduction
Let (M, J) be a compact Kähler manifold of complex dimension m. A Hermitian metricg of constant scalar curvature on (M, J) is said to be a conformally Kähler, Einstein-Maxwell (cKEM for short) metric if there exists a positive smooth function f on M such that g = f 2g is Kähler and that the Hamiltonian vector field K = Jgrad g f of f with respect to the Kähler form ω g of g is a Killing vector field for both g andg. In this case we call the Kähler metric g an Einstein-Maxwell Kähler (EMK for short) metric. Let ω 0 be a Kähler form, and consider Ω = [ω 0 ] ∈ H 2 DR (M, R) as a fixed Kähler class. We look for an Einstein-Maxwell Kähler metric g such that the Kähler form ω g belongs to Ω.
Let G be a maximal torus of the reduced automorphism group, and pick K ∈ g := Lie(G). Then the problem is to find a G-invariant Kähler metric g with its Kähler form ω g ∈ Ω such that (i)g = f −2 g is a cKEM metric, (ii) Jgrad g f = K. The scalar curvature sg ofg = f −2 g is given by
where s g is the scalar curvature of g and ∆ g is the Hodge Laplacian with respect to g. Now, starting with a Kähler metric g and a Killing potential f , for any real number n ∈ R with n = 0, 1, 2 and k ∈ R with k = 0 we define the (g, f, k, n)-scalar curvature s g,f,k,n by (2)
The case n = 2m is the scalar curvature sg of the conformal metricg = f k g, and for other values of n such a meaning is lost. However, the cases of general values of n appear in natural contexts such as in [2] and [13] . Moreover, Lahdili proves in [10] and [11] results for cKEM metrics generalizing to constant (g, f, −2, n)-scalar curvature.
In this expository paper we give extensions of the volume minimization principle [8] , [9] , the notion of toric K-stability [3] for k = −2 and other related results for cKEM metrics to the general set-up of constant (g, f, k, n)-scalar curvature. We consider the toric case where the manifold is the one point blow-up of the complex project plane and the Kähler class Ω is chosen so that the area of the exceptional curve is sufficiently close to the area of the rational curve of self-intersection number 1. We observe by numerical analysis that there should be a Killing vector field K which gives a toric K-stable pair (Ω, K) in the sense of Apostolov-Maschler. For this purpose we show in Theorem 5.3 that we have only to consider the simple test configurations to test toric K-stability, extending the earlier works of Donaldson [4] , Wang and Zhou [14] , [15] .
The rest of this paper is organized as follows. In section 2 we extend the volume minimization for Einstein-Maxwell Kähler metrics, see Theorem 2.1. In section 3 we review the normalized Einstein-Hilbert functional, and study its relation to the volume functional and the Futaki invariant. In section 4 we consider the normalized Einstein-Hilbert functional on toric Kähler manifolds. In section 5 we review toric K-stability, and prove Theorem 5.3. We then review the result of our paper [8] on the one-point blow-up of CP 2 and show the graphics of the results of the numerical analysis which indicate that this case should be K-stable and there should be a conformally Kähler, Einstein-Maxwell metric.
Volume minimization for Einstein-Maxwell Kähler metrics
In this section we review the results in [8] and extend them to constant (g, f, k, n)-scalar curvature. Let M be a compact smooth manifold. We denote by Riem(M ) the set of all Riemannian metrics on M , by s g the scalar curvature of g, and by dv g the volume form of g. For any given positive smooth function f and real numbers n ∈ R with n = 0, 1, 2 and k ∈ R with k = 0, we define s g,f,k,n by the same formula as (2) . We put
The linear function Fut
If there exists a constant (g, f, k, n)-scalar curvature metricg = f k K,a,g g with
Therefore for γ = ±1 we have
The case of γ = 0 can be treated separately, see [8] .
We summarize the result as follows.
Theorem 2.1. Let Ω be a fixed Kähler class, and n = 0, 1, 2 and k = 0 be fixed real numbers. Suppose that the pair (K, a) of Killing vector field K and normalization constant a belongs toP G Ω . If there exists a G-invariant Kähler metric g in the Kähler class Ω, i.e. g ∈ K G Ω , such that the (g, f, k, n)-scalar curvature is constant for the Killing Hamiltonian function 
For a given Kähler class Ω the critical points of Vol :P G Ω → R are not unique in general as can be seen from LeBrun's construction [12] .
The normalized Einstein-Hilbert functional
In the previous section we confined ourselves to the view point from the volume functional. In the present section we see that, when restricted tõ P G Ω , considering the volume functional is essentially the same as considering the normalized Einstein-Hilbert functional. The normalized Einstein-Hilbert functional EH : Riem (M ) → R on an n-dimensional compact Riemannian manifold is the functional on Riem(M ) defined by
where S(g) and Vol(g) are respectively the total scalar curvature and the volume of g. It is a standard fact that the critical points of EH are Einstein metrics, and that, when restricted to a conformal class, the critical points are metrics of constant scalar curvature.
Let us see this in a slightly different setting. In the equation (2), let us replace s g by a smooth function ϕ, and put (19)
Accordingly, we may replace (3) by
and replace the normalized Einstein-Hilbert functional by
As before, let f t be a smooth family of positive functions such that
Thus we have shown
if and only if f is a critical point of the functional f → EH(g, f, k, n, ϕ).
Let us return to the situation of the previous section where we considered a compact Kähler manifold with a maximal torus G of the reduced automorphisms group, with a fixed Kähler class Ω. Taking ϕ to be the (g, f, k, n)-scalar curvature, we consider the Einstein-Hilbert functional EH(g, f, k, n) := EH(g, f, k, n, s g,f,k,n ). By the same reasoning from equivariant cohomology again, for a fixed (K, a), EH(g, f K,a,g , k, n) is independent of the choice of g ∈ K G Ω . Set EH k,n (K, a) := EH(g, f K,a,g , k, n). Then using (8) , (9) and (10), we see
If there exist g ∈ K G Ω , K and a such that
and thus the pair (K, a) is a critical point of the function EH k,n :
Conversely, suppose that (K, a) is a critical point of EH k,n : (16) and (22), Fut G Ω,K,a,k,n vanishes. More direct relation between the volume functional and the Einstein-Hilbert functional can be seen as follows.
Remark 3.2. Since EH k,n is homogeneous of degree 0 on P G Ω we may restrict EH k,n to the slice
This shows that the volume minimization Theorem 2.1 is equivalent to finding a critical point of the Einstein-Hilbert functional.
The normalized Einstein-Hilbert functional for toric
Kähler manifolds.
In this section, we give the explicit formula for the Futaki invariant and the normalized Einstein-Hilbert functional when (M, J, ω) is a compact toric Kähler manifold and k = −2.
Let (M, ω) be a 2m-dimensional compact toric manifold and µ : M → R m the moment map. It is well-known that the image of µ, ∆ := Image µ, is an m-dimensional Delzant polytope in R m . A T m -invariant, ω-compatible complex structure J on M gives a convex function u, called a symplectic potential, on ∆ as follows. For the action-angle coordinates (µ 1 , . . . , µ m , θ 1 , . . . , θ m ) ∈ ∆ × T m , there exists a smooth convex function u on ∆ which satisfies
where, for a smooth function ϕ of µ = (µ 1 , . . . , µ m ), we denote by ϕ ,i the partial derivative ∂ϕ/∂µ i and by H u = (H u ij ) the inverse matrix of the Hessian (u ,ij ) of u. Conversely, if we give a smooth convex function u on ∆ satisfying some boundary condition, by the formula above, we can recover a T m -invariant ω-compatible complex structure on M , see [1] for more detail.
Let u be a symplectic potential on ∆. Then the toric Kähler metric g J = ω(·, J·) is represented as
According to Abreu [1] , the scalar curvature s J of g J is (29)
In this case, a Killing potential is an affine linear function positive on ∆. Fix a Killing potential f . Then (g J , f, k, n)-scalar curvature s J,f,k,n is given by
, where ∆ J = ∆ g J . For a smooth function ϕ of µ 1 , . . . , µ m ,
holds (see the equation (20) in [3] ). Since f is affine linear, we have
By (29), (30) and (31), the (g J , f, k, n)-scalar curvature is
On the other hand, for any α ∈ R,
holds. We easily see that 2α = k(n−1) and α(α−1) = k(n−1)(k(n−2)/4−1) hold if and only if k = −2 and α = 1 − n. In this case, we have
By Lemma 2 in [3] , for any smooth function φ on R m ,
In particular, when φ is an affine function
holds. Hence, if we define the constant c ∆,f,−2,n as
for any linear function φ on R m . By (34) and (36), EH(g J , f, −2, n) is given by
If there exists a symplectic potential u such that the (g J , f, −2, n)-scalar curvature is constant, then Fut ∆,f,−2,n vanishes identically and f is a critical point of EH −2,n . DF ∆,f,n (φ) = 2
Toric K-stability
for a convex function φ on ∆, see also [3] . For any affine fuction φ,
We can prove the following straightforward analogue of the results in [4] :
Theorem 5.1. Suppose that there exists a symplectic potential u on ∆ such that the (g J , f, −2, n)-scalar curvature is a constant c. Then c = c ∆,f,−2,n and DF ∆,f,n (φ) ≥ 0 for any smooth convex function φ on ∆. Equality holds if and only if φ is affine.
Proof. Suppose that s J,f,−2,n = c. Then
by (34) and (36). Hence c = c ∆,f,−2,n . By (35), Since any piecewise linear convex function on ∆ can be approximated by smooth convex functions on ∆, the existence of a constant (g J , f, −2, n)-scalar curvature metric implies the K-semistability of (∆, f, n).
We next consider compact toric surfaces and prove that the positivity of Donaldson-Futaki invariant for simple piecewise linear functions implies K-polystability. This is a generalization of the result by Donaldson [4] and Wang-Zhou [14, 15] . The proof is similar to the one given in [15] , but to make this paper as self-contained as possible, we give a proof here.
Let P ⊂ R m be an m-dimensional open convex polytope, P * a union of P and the facets of P . Denote Here a convex function u is simple piecewise linear, sPL for short, if u = max{L, 0} for a non-zero affine function L. The crease of sPL convex function u is the intersection of P and {L = 0}.
Proof. It is sufficient to prove that (2) implies (1) . Suppose that L is positive for any sPL convex function with nonempty crease. Moreover we assume the case (1) does not occur, that is, the one of the following holds:
We fix p 0 ∈ P and denotẽ
Since L vanishes on the set of affine functions and L(cu) = cL(u) for any c > 0 and u ∈ C 1 , we may assume v in the condition above is an element of C 1 . 
By assumption, infC 
The limit function u 0 satisfies
Aβu k dµ and inf
By convexity,
On the other hand, sinceũ 0 := By convexity, T = {x ∈ P | u 0 (x) = 0} is convex. Moreover any extreme point of T is a boundary point of P by Lemma 4.1 in [14] . Since P is two dimensional, T is either a line segment through p 0 with both endpoints on ∂P or a convex polygon with vertices on ∂P . Note here that if the dimension of P is greater than two the convex set T may be more complicated. We set an affine function L on R 2 as follows. When T is a line segment,
where n is a unit normal vector of T . When T is a polygon,
where p 1 ∈ ∂T \ ∂P and n is the outer unit normal vector of ∂T at p 1 . In either case, ψ = max{0, L} is a sPL convex function with nonempty crease. We next define a function a as
Here p ∈ T when T is a line segment or p is in the edge of T containing p 1 when T is a polygon. By convexity of u 0 , the limit exists and is nonnegative for any p.
Lemma 5.5. a 0 := inf a = 0.
Proof. We give a proof only when T is a line segment since the case when T is a polygon is similar. Suppose a 0 > 0. Denote u := u 0 − a 0 ψ. Then ∂P αu dσ < 1. By the definition of a 0 , u is convex on P * and
Hence, sinceũ :=
This is a contradiction.
By the definition of T and L, u 0 is positive on P ∩ {L > 0}. For any ε > 0, G ε := {x ∈ P | u 0 (x) < εψ(x)} is nonempty because a 0 = 0. Since T ⊂ {L ≤ 0}, there exists δ(ε) > 0 such that G ε ⊂ {0 ≤ L < δ(ε)} and lim ε 0 δ(ε) = 0. Denote
It is easy to see that u 1 +ũ 2 ≥ 0 is convex and (u 1 +ũ 2 )(p 0 ) = 0. Denotẽ u := u 1 +ũ 2 + εψ. Then we havẽ
Hence there exsits a positive constant C such that
Therefore we have
for any sufficiently small ε > 0. Denote
. This is a contradiction. This completes the proof of Theorem 5.3.
pe, 0}. Then
It is too long and complicated to give the full description of DF ∆p,f Looking at the graphs, (∆ p , f ± p , 4) must be K-polystable. By Theorem 5 in [3] , cKEM metrics with Killing potential f ± p ought to exist. We leave this problem to the interested readers.
